An L(d,1)-labeling of a graph G is an assignment of nonnegative integers to the vertices such that adjacent vertices receive labels that differ by at least d and those at a distance of two receive labels that differ by at least one, where d 1. Let 
Introduction and Preliminaries
Consider the problem of assigning frequencies to radio transmitters at various nodes in a territory. Transmitters that are close must receive frequencies that are sufficiently apart, for 1 Supported by the Ministry of Science of Slovenia under the grant 0101-P-297. 2 Supported by the Ministry of Science of Slovenia under the grant 0101-P-297. otherwise they may be at the risk of interfering with each other. The spectrum of frequencies is an important resource on which there are increasing demands, both civil and military. This calls for an efficient management of the spectrum. It is assumed that transmitters are of identical type and that signal propagation is isotropic.
The foregoing problem, with the objective of minimizing the span of frequencies, was first placed on a graph-theoretical footing in 1980 by Hale [5] . (Vertices correspond to transmitter locations and their labels to radio frequencies, while adjacencies are determined by geographical "proximity" of the transmitters.) Roberts [13] subsequently proposed a variation to the problem in which distinction is made between transmitters that are "close" and those that are "very close." This enabled Griggs and Yeh [4] to formulate the L(2,1)-labeling of graphs. Georges and Mauro [1] later presented a generalization of the concept. The topic has since been an object of extensive research [1] [2] [3] [4] [7] [8] [9] [10] [11] [12] 14, 15] .
Formally, an L(d,1)-labeling of a graph G is an assignment f of non-negative integers to vertices of G such that
where d 1. The difference between the largest label and the smallest label assigned by f is called the span of f , and the minimum span over all
When we speak of a graph, we mean a finite, simple undirected graph having at least two vertices. Let P m and C n denote a path on m vertices and a cycle on n vertices, respectively, where V (P k ) = V (C k ) = {0, . . . , k − 1} and where adjacencies are defined in a natural way. For graphs G = (V , E) and H = (W, F ), the direct product G × H and the Cartesian product G H of G and H are defined as follows: (a, x) , (b, y)}: {a, b} ∈ E and {x, y} ∈ F } and E(G H )={{(a, x), (b, y)}: {a, b} ∈ E and x = y, or {x, y} ∈ F and a = b}, cf. [6] . The direct product is also known as Kronecker product, tensor product, cardinal product and categorical product.
The result below consists of a useful lower bound on 1 -numbering of the strong products of cycles [8] . For results with respect to Cartesian products, see [2, 7, 10, 11, 14, 15] . The following fact will be useful in the sequel. 
The assignment is clearly well-defined. Let w be a vertex adjacent to v, so w is of the form
, where a i ∈ {+1, −1} and
It is clear that
2 i a i is odd and
2 i a i = 2p + 1 where 0 p 2 k−1 − 1, and consequently,
The desired result follows since 1 2 (n − 1) − p is not a multiple of n. To verify this claim, first observe that
On the other hand, 
We claim that •
2 i b i is necessarily even and n is odd, it follows that
is not a multiple of n. Accordingly, two vertices that are at a distance of two from each other receive different labels. Claims are valid even if v i is of the form m i − 2 or m i − 1, since m i itself is a multiple of n, and the arithmetic is modulo n. Accordingly,
being a regular graph of degree 2 k , an application of Lemma 1 to the preceding statement shows that
The foregoing scheme is illustrated in Fig. 1 where an L(3, 1) -labeling of P 9 × P 18 appears toward that of C 9 × C 18 . 
L(d,1)-labeling of C m
The assignment is clearly well-defined. Let w = (w 0 , . . . , w k−1 ) be a vertex adjacent to v, so v and w differ in exactly one coordinate, say i, such that v i and w i are adjacent in C m i ,
since by Claim 2,
The desired result follows since
be a vertex at a distance of two from v, so either (i) v and x differ in exactly one coordinate, say i, such that |v i − x i | mod n = 2, or (ii) v and x differ in exactly two coordinates, say i and j , such that |v i − x i | mod n = 1 and |v j − x j | mod n = 1, where i = j . since by Claim 2,
The desired result follows since 0
Now suppose that v and x differ in the ith and j th coordinates, whence |v i −x i | mod n=1, |v j − x j | mod n = 1 and 0 i < j k − 1. To show that |f (v) − f (x)| 1, it is enough to show that |d(A + B) + 2(Ai + Bj )| is not a multiple of n, with A, B in {1, −1} since by Claim 2,
Clearly A + B is even, so |d(A + B) + 2(Ai + Bj )| is even and hence different from n.
On the other hand, if A = −B, then
In each case, |d(A + B) + 2(Ai + Bj )| cannot be a multiple of n. It follows that
being a regular graph of degree 2k, an application of Lemma 1 to the preceding statement shows that
The foregoing scheme is illustrated in Fig. 2 where an L(3, 1)-labeling of P 9 P 18 appears toward that of C 9 C 18 . 
Concluding remarks

It is known that if
